Abstract. Kjuchukova's Ξp invariant gives a ribbon obstruction for Fox p-colored knots. The invariant is derived from dihedral branched covers of 4-manifolds, and is needed to calculate the signatures of these covers, when singularities on the branching sets are present. In this note, we give an algorithm for evaluating Ξp from a colored knot diagram, and compute a couple of examples.
numbers of rationally null-homologous knots in dihedral covers of S 3 . We apply this theorem in Section 4.
D p denotes the dihedral group of order 2p. In this paper, p > 1 is an odd integer.
The invariant Ξ p
Ξ p is an invariant of a knot α together with a choice of Fox p-coloring ρ : π 1 (S 3 − α) D p . Rather than write Ξ p (α, ρ), we write Ξ p (α), as the choice of coloring is often understood or, up to equivalence of colorings, unique.
The invariant Ξ p (α) arises in the following context. Let X be a closed, oriented 4-manifold. Suppose that B ⊂ X is a surface, embedded locally flatly away from one singular point whose link is α. Given a surjection ϕ : π 1 (X − B) D p , we consider the induced irregular dihedral p-fold cover of X branched along B. This cover is characterized by the fundamental group of its unbranched counterpart, which is isomorphic to ϕ −1 (Z/2Z) for a choice of reflection subgroup in D p .
In the above setting, the invariant Ξ p (α) should be viewed as the contribution to σ(Y ), the signature of the covering space, resulting from the presence of a singularity, α, on the branching set. For this reason, we refer to Ξ p as the signature defect associated to α. Precisely, σ(Y ), σ(X), and Ξ p are related as follows (see [7, Theorem 1.4 (2)]):
where e(B) denotes the self-intersection number of the branching set. The fact that Ξ p gives a ribbon obstruction when Y is a manifold is proven in [2] . This obstruction is generalized to a larger class of knots, namely all colored knots which bound colored surfaces in some four-manifold with S 3 boundary, in [5] . Knots with this property are called p-admissible. Theorem 1 applies to all 3-admissible knots whose irregular 3-fold dihedral covers are rational homology spheres.
Definition 1. Let α ⊂ S 3 be a knot and V a Seifert surface for α with Seifert form L. Let β ⊂ V • be an embedded curve which represents a primitive class in H 1 (V ; Z). If L(β, ω) + L(ω, β) ≡ 0 mod p for all curves ω representing non-zero classes in H 1 (V ; Z), we say that β is a mod p characteristic knot for α.
Characteristic knots are key for computing the signature defect Ξ p (α). The existence of a p-fold irregular dihedral cover of S 3 branched along α is equivalent the existence of a mod p characteristic knot for α [3] ; the role of a characteristic knot is discussed further in Section 5.1.
3.
Overview of the Algorithm 3.1. The signature defect arising from a singularity. Our combinatorial procedure for computing Ξ p (α) relies on the formula given in Theorem 1.3 of [7] , which we now recall. Let α be a p-admissible knot, β the characteristic knot corresponding to the relevant surjection ρ : π 1 (S 3 −α) → D p , and V the Seifert surface for α containing β in its interior (see Definition 1). Furthermore, let L V denote the symmetrized Seifert form of V , ζ a primitive p-th root of unity, and σ ζ i the Tristram-Levine σ ζ i signature. Then,
Here, σ(W (α, β)) the denotes the signature of a four-manifold W (α, β) constructed by Cappell and Shaneson in [3] and discussed in more detail in Section 5. Remark that the first two terms in the above expression for Ξ p (α) present no computational difficulty, while the calculation of σ(W (α, β)) gets rather technical. Thus, we focus our attention on this term, but postpone the definition of W (α, β). For the moment, it suffices to know that σ(W (α, β)) can be computed in terms of linking numbers of certain curves in the irregular p-fold dihedral cover M α of S 3 branched along α. We choose an orientation of β, and let β r and β l denote its right and left push-offs in V . Let V − β denote the surface with three boundary components α, β r , and β l , obtained from V by removing an annular neighborhood of β. The curves whose linking numbers appear in the computation of σ(W (α, β)) are lifts to M α of a basis B V := {β r , β l , ω 1 , ..., ω 2g−2 } for H 1 (V − β; Z). The relevant linking numbers are computed using the algorithm given in [1] .
We condense all this information in a labeled link diagram of α, β and the ω j , so that the signature defect can be computed algorithmically. The resulting algorithm is the content of Theorem 1.
We set p = 3 for the remainder of this section.
First, the arcs of α are labeled '1', '2', and '3', to indicate their coloring by the transpositions (23), (13), and (12). The irregular dihedral cover M α corresponding to ρ is equipped with a cell structure determined by the cone on α. We review the key aspects of this cell structure here (see, e.g., [1] for more details). First equip S 3 with a cell-structure that has one 3-cell e 3 , the complement of the cone on α. The "walls" of the cone on α are 2-cells, and so-on. The cell structure on M α is the lift of this cell-structure on S 3 . The 3-cell e 3 has three preimages in M α , e 3 1 , e 3 2 , and e 3 3 . These 3-cells are labeled such that the meridians of the arcs of α act on the subscripts according to the coloring ρ :
We also choose a designated "zeroth" arc of each component of the link diagram (later, all arcs in the link diagram will be numbered). Let ω An anchor path for a curve ω ⊂ V − β is a properly embedded path δ in V − β from a point q on the zeroth arc of α to a point r on the zeroth arc of ω. Suppose δ crosses under a set a 1 , . . . a k of arcs of α in that order, as one traverses δ from q to r. The monodromy of the anchor path δ is the product of the permutations σ k . . . σ 2 σ 1 , where ρ(a i ) = σ i is the permutation associated to the arc a i of α.
Theorem 1. Let α be a knot and ρ : π 1 (S 3 − α) D 3 a homomorphism to the symmetric group on three elements. Assume that the corresponding 3-fold dihedral cover of S 3 , branched along α, is a rational homology sphere. Let B V = {ω i } 2g−2 i=1 ∪ {β r , β l } be any basis for H 1 (V − β; Z) consisting of embedded curves in a Seifert surface V for α, where β is a mod 3 characteristic knot for α. Let δ i be an anchor path for ω i , and let γ r and γ l be anchor paths for the right and left pushoffs of β in V . Let µ δ i , µ γr ,, and µ γ l ∈ D 3 be their monodromies. Let c 0 ∈ {1, 2, 3} be the color of the zeroth arc of α. Then the signature of the matrix of linking numbers of the following curves
is independent of the choices of anchor paths δ i , γ r , and γ l , and is equal to σ(W (α, β)).
Remark. This theorem is all that is needed in order to evaluate Ξ 3 (α), since the other two terms in the formula (1) for Ξ 3 (α) are determined by the Seifert forms for α and β, and are thus algorithmically computable from diagrams of these knots.
In Section 4, we illustrate how to apply Theorem 1 to compute the signature defect associated to a singularity. We use two knots whose dihedral 3-fold covers are homeomorphic to S 3 . Our first example is the knot 6 1 ; this is the 3-admissible knot of smallest crossing number. We use this example to illustrate a characteristic knot, anchor paths, and the associated monodromies. Our second example is a 3-admissible knot whose Seifert surface has higher genus, in order that the additional curves ω i and their anchor paths come into play. In Section 5, we prove Theorem 1 and discuss its generalization to all odd p.
Computing the Signature Defect

4.1.
Overview of the procedure. First we outline the steps for computing the signature defect Ξ p (α), and, in particular, the work needed to pass from the geometric formula in [6] to a computation involving only diagrammatic information. We then carry out these steps in examples.
(1) Fix a diagram and Seifert surface V for α.
(2) Find a characteristic knot for α. That is, compute the mod p nullspace of the symmetrized Seifert form for V . Fix a primitive curve, β, in this nullspace. Choose an orientation for β.
, where g is the genus of V and β r , β l denote the right and left push-offs of β in V .
(4) Using Theorem 1, identify the curves in the 3-fold dihedral cover of S 3 branched along α whose linking numbers contribute to the computation of Ξ p .
(5) Compute the linking numbers of these curves using the algorithm in [1] . Evaluate σ(W (α, β)).
Example 1. In this example, we show Ξ 3 (6 1 ) = 1 using Theorem 1. The three-coloring and the Seifert surface V we use are pictured in Figure 3 . Also remark that, since 6 1 is a ribbon knot whose 3-fold dihedral cover is S 3 , we can also conclude that |Ξ 3 ( 6 1 We begin by finding a mod 3 characteristic knot β for this 3-colored diagram. With respect to the basis {a, b} we compute the symmetrized linking form
Recall that a characteristic knot β satisfies (L V + L t V )β ≡ 0 mod 3. Hence an embedded representative of the class a − b is a mod 3 characteristic knot. Since V has genus one, our basis B V consists only of β r and β l . An embedded curve β, together with a choice of anchor paths γ r and γ l , is shown in Figure 4 . As β r and β l are parallel curves in V , we may also view this as the matrix of linking numbers of β j with β k , in which case the diagonal entries may be interpreted as self-linking numbers.
Next we compute the monodromies of γ r and γ l , in order to determine which of the above linking numbers appear in the formula for Ξ 3 (6 1 ): Figure 5 ; the underlined number i on an arc of γ r or γ l indicates that the relevant lift of that arc sits in the 3-cell e 3 i . These cells change from one arc of γ r or γ l to the next according to µ γr and µ γ l .
By Theorem 1, the signature σ (W (α, β) ) is the signature of the 1 × 1 matrix whose entry is the linking of β 1 − β 2 with itself. Reading off of the matrix above, we see lk(β 1 − β 2 , β 1 − β 2 ) = 1. Hence the σ(W (α, β)) = 1. Since β is an unknot with zero self-linking, it follows that |Ξ 3 (α)| = 1.
Example 2. We compute Ξ 3 (α 1,1 ), where α 1,1 is the first knot in the family α a,b pictured in Figure 6 . Note that α a,b is the knot C(2a, 2, 2b, −2, −2a, 2b) in Appendix A of [7] , and is one of the infinite families of two-bridge ribbon knots discovered by Casson and Gordon [8] . In this example, unlike the previous one, the curves ω i come into play. A Seifert surface V for α 1,1 , a mod 3 characteristic knot β (computed in Appendix A of [7] ), and a choice of curves ω i are also shown. A schematic for a link diagram containing α, the ω i , β r , and β l is shown in Figure 7 . A few sample anchor paths for the ω i , β r , and β l are shown in Figure 8 .
We again use the algorithm in [1] to find all linking numbers of lifts of the ω i and β. These linking numbers are displayed in Table 1 . For curves which intersect on V , we make a choice of resolution of the intersection point. The signature is independent of this choice.
Computing the monodromies for each anchor path, and applying the rule in Theorem 1, we find that Ξ 3 (α 1,1 ) is the signature of the matrix of linking numbers of
and
, which has signature −1. As in the previous example, β is an unknot with zero self-linking. Therefore Ξ 3 (α 1,1 ) = −1. Table 1 . Linking numbers of lifts of the curves ω i in Figure 6 , with a = b = 1.
Proof of Theorem 1 and the Cappell-Shaneson construction
Before proving Theorem 1 we briefly review the Cappell-Shaneson construction of M α , the irregular dihedral cover of S 3 branched along α, and a cobordism W (α, β) between M α and the p-fold cyclic cover of S 3 along β, a mod p characteristic knot for α. We again focus on the case p = 3, but our combinatorial procedure can be generalized to all odd p, as discussed at the end of this section.
The Cappell-Shaneson Construction of the Irregular Dihedral Cover. In [3], Cappell
and Shaneson construct the irregular p-fold dihedral cover of S 3 branched along α from the p-fold cyclic cover of S 3 branched along a characteristic knot β. In this paragraph, we give an informal overview of their construction. Precise details will be provided later, as needed. Roughly speaking, one begins with the p-fold cyclic cover M β , and considers the lifts to this cover of a Seifert surface for α, V ⊃ β. Remove from M β a neighborhood J of the union of the preimages of V to obtain a 3-manifold with boundary ∂J. Now identify points on that boundary via an involutionh, defined below. The resulting closed manifold M α is the p-fold irregular dihedral cover of S 3 branched along α. The surface S :=h(∂J) sits inside this covering space, and has boundary equal to the index-one lift of α. The index-two lift of α is an embedded curve on S. In order to compute the signature σ(W (α, β)) in Theorem 1, we must compute a matrix of linking numbers of certain elements of H 1 (S; Z); namely, a basis for the kernel of the map i * : H 1 (S; Z) → H 1 (J; Z), where the inclusion i is given by the composition S =h(∂J) → ∂J → J.
Now we set p = 3, describe the construction in detail, and introduce the necessary notation. Let f : M β → S 3 be a 3-fold cyclic covering map branched along β. By the construction sketched out above, we know that M α can be obtained from M β as follows.
be given by h(x, t) = h(x, −t). Leth : ∂J → ∂J be the lift of h to M β restricted to ∂J; in the schematic in Figure 10 ,h is a reflection about the horizontal line. Cappell and Shaneson show that M α is homeomorphic to (M β −J)/{h(x)∼x, x ∈ ∂J}, and that the mapping cone W (α, β) ofh is a cobordism from the 3-fold cyclic cover M β to the irregular 3-fold dihedral cover M α . The surface S =h(∂J) is embedded in M α , and has one boundary component α 0 , the index-one lift of α.
Let V − β denote the surface V cut along β, which we obtain by removing a thin annulus between the right and left push-offs β r and β l of β in V (note that β is oriented). The surface S above can From Figure 10 , we can read off the boundaries of the surfaces V i :
Now we construct S by gluing together V 0 , V 1 , and V 2 using the following identifications: β 0,l is identified with β 1,r , β 1,l is identified with β 2,r , and β 2,l is identified with β 0,r . In addition α 1 and α 2 are identified. The index-one and index-two branch curves are α 0 = ∂S and α 1 respectively. Note that β 0,r and β 1,r are homologous in S, as they cobound V 0 together with α 0 . The surface S, constructed using these identifications, is pictured in Figure 11 , in the case where V has genus one and each V i is a pair of pants. This is in fact the case in our first example, where α is the knot 6 1 . In general the genus of V i is one less than the genus of V . 
5.3.
Computation for other values of p. We briefly explain how these methods generalize to an algorithm for computing Ξ p (α) for all odd p. The schematic in Figure 10 allows one to read off a basis for ker i * without the hypothesis p = 3. (Of course, in the general case, one uses the p-fold cyclic cover of V × [−1, 1] branched along β, rather than the 3-fold cover.) Anchor paths can be used in the same fashion to distinguish between the p lifts of β and the p lifts of each ω i in the diagram for α = ∂V . The remaining task is the computation of the linking numbers of these lifts in the p-fold dihedral cover of S 3 branched along α. This algorithm carried out in [1] in the case p = 3 generalizes to any odd p.
diagram is the knot α. In order to simplify the combinatorics, we only include in our diagram two of {β, ω 1 , ...ω 2g−2 }, or one of these curves together with its push-off in V , at any given time. Call these two curves g and h. Because β is a mod 3 characteristic knot, any curve in V − β lifts to three closed loops [3] . Thus for each pair of curves in B V , we compute nine linking numbers of their lifts, organized in a symmetric 3 × 3 matrix.
The following set-up allows us to compute the intersection number of any lift of h with a 2-chain whose boundary is any given lift of g. For the details on how this 2-chain is constructed see [1] .
(1) The arcs of α in the diagram α ∪ g are labeled 0, 1, . . . , m − 1, where m is the number of self-crossings of α plus the number of crossings of α under g. Each arc of α is colored 1,2 or 3, according to the given homomorphism ρ :
(2) The arcs of g in the diagram α ∪ g are labeled 0, 1, . . . , n − 1, where n is the number of selfcrossings of g plus the number of crossings of g under α.
(3) Now we add h to the above numbered diagram α ∪ g without changing the numbering of any existing arcs. The arcs of h are labelled 0, 1, . . . , o − 1, where o is the number of crossings of h under α plus the number of crossings of h under g. In this article, h never has self-crossings.
5.5.
Lists. We provide the input used in the computation of our Example 1, the knot 6 1 . The first four lists needed are associated to the knot α. The remaining six lists are associated to the two curves g and h described above. The first list, f = (f (i)) i , records each number f (i) assigned to the over-arc which meets the head of arc i of α. The second, = ( (i)) i , denotes the local writhe number at the head of arc i. Next, t = (t(i)) i denotes the type of crossing at the head of arc i; that is, we set t(i) = p if the over-arc at the head of arc i is an arc of g, and we set t(i) = k if the over-arc at the head of arc i is another arc of α. Recall that the i th arc of α may be a union of smaller arcs, separated by over-crossings by arcs of h. Due to our numbering system, the over-crossing at the end of an arc of α will never be an arc of h. The fourth list, c = (c(i)) i , enumerates the colors on the consecutive arcs of α. The remaining lists are the over-crossing numbers, signs, and crossing types for the other two components, g and h, of the link diagram.
Numbering, signs, and crossing types for β: 
